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The Josephson ϕ0 junctions with the current-phase relation I = Ic sin(ϕ− ϕ0), where the phase
shift ϕ0 is proportional to the magnetic moment perpendicular to the gradient of the asymmet-
ric spin-orbit potential, demonstrate a number of unique features important for superconducting
spintronics and modern informational technologies. Here we show that a current sweep along IV-
characteristic of the ϕ0 junction may lead to regular magnetization dynamics with a series of spe-
cific phase trajectories. The origin of these trajectories is related to a direct coupling between the
magnetic moment and the Josephson oscillations in these junctions, and ferromagnetic resonance
when Josephson frequency coincides with the ferromagnetic one. We demonstrate that an exter-
nal electromagnetic field can control the dynamics of magnetic moment within a current interval
corresponding to a Shapiro step and produce topological transformation of specific precession tra-
jectories. We demonstrate the appearance of the DC component of superconducting current and
clarify its role in the transformation of IV-characteristics in the resonance region. Good agreement
between numerical and analytical results has been found in the ferromagnetic resonance region.
The presented results might be used for developing novel resonance methods of determination of
the spin-orbit coupling parameter in the non-centrosymmetric materials. We discuss experiments
which can test our results.
I. INTRODUCTION.
Superconducting spintronics is one of the intensively
developing fields of condensed matter physics today. An
important place in this field is occupied by the inves-
tigations of Josephson junctions (JJs) coupled to mag-
netic systems1,2. The ability to manipulate the mag-
netic properties by Josephson current and its opposite,
i.e. to influence the Josephson current by the magnetic
moment, has attracted much recent attention3–6. The
central role in these phenomena is played by spin-orbit
interaction. In the superconductor /ferromagnet/ super-
conductor (S/F/S) Josephson junctions, the spin-orbit
interaction in a ferromagnet without inversion symme-
try provides a mechanism for a direct (linear) coupling
between the magnetic moment and the superconducting
current. Such noncentrosymmetric ferromagnetic junc-
tions, called hereafter ϕ0 junctions, break time rever-
sal symmetry. Consequently, the current-phase relation
(CPR) of these junctions is given by I = Ic sin(ϕ − ϕ0),
where the phase shift ϕ0 is proportional to the magnetic
moment perpendicular to the gradient of the asymmet-
ric spin-orbit potential7. This feature of the CPR allows
one to manipulate the internal magnetic moment using
the Josephson current7,8. The theory of the anomalous
Zeeman effect and spin-galvanic effect in ϕ0 junctions was
discussed in Refs.9,10. Experimental realization of the ϕ0
junction has been recently reported by Szombati et al.11.
In Ref.12, the authors argued that the ϕ0 Josephson junc-
tion is ideally suited for studying of quantum tunneling
of the magnetic moment. They proposed that magnetic
tunneling would show up in the ac voltage across the
junction and it could be controlled by the bias current
applied to the junction.
Though the static properties of the S/F/S structures
are well studied both theoretically and experimentally,
much less is known about the magnetic dynamics of these
systems13–15. Recently, the presence of an anomalous
phase shift of ϕ0 was experimentally observed directly
through CPR measurement in a hybrid SNS JJ fabri-
cated using Bi2Se3 (which is a topological insulator with
strong spin-orbit coupling) in the presence of an in-plane
magnetic field16. This constitutes a direct experimen-
tal measurement of the spin-orbit coupling strength and
opens up new possibilities for phase-controlled Joseph-
son devices made from materials with strong spin-orbit
coupling.
It was demonstrated that the DC superconducting cur-
rent applied to a S/F/S ϕ0 junction might produce a
strong orientation effect on the ferromagnetic layered
magnetic moment17. The application of DC voltage to
the ϕ0 junction would produce current oscillations and
consequently magnetic precession. As shown in Ref.8,
this precession may be monitored by the appearance of
higher harmonics in the CPR as well as by the presence of
a DC component of the superconducting current that is
increases substantially near the ferromagnetic resonance
(FMR). The authors stressed that the magnetic dynam-
ics of the S/F/S ϕ0 junction may be quite complicated
and strongly anharmonic. In contrast to these results, we
demonstrate here that precession of the magnetic mo-
ment in some current intervals along IV-characteristics
may be very simple and harmonic. It is expected that
external radiation would lead to a series of novel phe-
nomena. Out of this, the possibility of appearance of
half-integer Shapiro steps (in addition to the conventional
integer steps) and the generation of an additional mag-
netic precession with frequency of external radiation was
2already discussed in Ref.8. However, to the best of our
knowledge, an important problem related to the recip-
rocal influence of Josephson current and magnetization
at different bias current along the current-voltage (IV)-
characteristics has not been investigated till now. Fur-
thermore, the variation of the magnetic precessions in
the ϕ0 junction along the IV-characteristics has not also
been addressed.
In this paper, we present the results on the magnetic
precession in the ϕ0 junctions with a current sweep along
IV-characteristic. This allows us to find specific current
intervals with very simple magnetization dynamics. We
show that the origin of these trajectories is related to a
direct coupling between the magnetic moment and the
Josephson oscillations, realized in these junctions, and
manifestation of ferromagnetic resonance features when
the Josephson frequency is close to the ferromagnetic one.
We also demonstrate that the interaction of the Joseph-
son current and the magnetic moment manifests several
interesting features under external electromagnetic radi-
ation. In particular, the external radiation can tune the
nature of magnetic moment precession in a current inter-
val corresponded to the Shapiro step. We show that such
external radiation can produce a topological transforma-
tion of magnetization precession trajectories. We numeri-
cally demonstrate the appearance of the dc-component of
superconducting current and clarify its role in the trans-
formation of IV-characteristics in the resonance region.
The effects of Gilbert damping and spin-orbit coupling
on IV-characteristics, magnetization precession and fer-
romagnetic resonance features are clarified.
II. MODEL AND METHOD.
In Josephson junctions with a thin ferromagnetic layer
the superconducting phase difference and magnetization
of the F layer are two coupled dynamical variables. The
system of equations describing the dynamics of these vari-
ables is obtained from the Landau-Lifshitz-Gilbert equa-
tion and Josephson relations for current and phase dif-
ference. Particularly, the magnetization dynamics of our
system is described by the Landau-Lifshitz-Gilbert equa-
tion where the effective field depends on the phase differ-
ence
dM
dt
= −γM×Heff +
α
M0
(
M×
dM
dt
)
,
Heff =
K
M0
[
Gr sin
(
ϕ− r
My
M0
)
ŷ +
Mz
M0
ẑ
]
, (1)
where γ is the gyromagnetic ratio, α is a phenomenolog-
ical damping constant, M0 = ‖M‖, G = EJ/(KV), K is
an anisotropic constant, V is the volume of ferromagnetic
F layer, l = 4hL/~υF , L is the length of the F layer, and
h denotes the exchange field in the ferromagnetic layer.
Based on the equations for JJ and magnetic system,
we can rewrite total system of equations (to be used in
our numerical studies) in normalized units
m˙x =
ωF
1 + α2
{−mymz +Grmz sin(ϕ− rmy)
−α[mxm
2
z +Grmxmy sin(ϕ− rmy)]},
m˙y =
ωF
1 + α2
{mxmz
−α[mym
2
z −Gr(m
2
z +m
2
x) sin(ϕ− rmy)]},
m˙z =
ωF
1 + α2
{−Grmx sin(ϕ− rmy)
−α[Grmymz sin(ϕ − rmy)−mz(m
2
x +m
2
y)]},
dV
dt
= 1
βc
[I − V − sin(ϕ− rmy)],
dϕ
dt
= V,
(2)
where βc = 2eIcCR
2/~ is the McCumber parameter,
mi = Mi/M0 for i = x, y, z, and ωF = ΩF /ωc with
the ferromagnetic resonance frequency ΩF = γK/M0 and
characteristic frequency ωc = 2eRIc/~. Here we normal-
ize time in units of ω−1c , external current I in units of
Ic, and the voltage V in units of Vc = IcR. This sys-
tem of equations, solved numerically using the fourth or-
der Runge–Kutta method, yields mi(t), V (t) and ϕ(t)
as a function of the external bias current I. After av-
eraging procedure18,19 we can find IV-characteristics at
fixed system’s parameters and investigate the dynamics
of magnetization along the IV-curve20.
The system of equations (2) is significantly simplified
in the absence of dissipation (α = 0). It allows us to
clearly understand the magnetization dynamics corre-
sponding to the different points of the IV-curve. For
this purpose we calculate the temporal dependence of V
and mi at small dissipation (α≪ 1) at each value of bias
current. In parallel, we also verify the dynamics of the
magnetic system by solving the LLG equations at some
averaged values of voltage. The results obtained in this
case are in qualitative agreement with the solutions of
the system (2).
III. MANIFESTATION OF FMR AT SMALL G
AND r.
When the current smaller than the critical one (I < Ic)
is applied to the ϕ0 junction, the rotation of the magnetic
moment My is determined by sin θ = (Is/Ic)Gr (My =
M sin θ, θ is the angle between the z-axis and the M
direction), which signifies that superconducting current
provokes the rotation of M in the yz-plane8.
First, we demonstrate the interaction between super-
conducting current and magnetic moment and show the
manifestation of the ferromagnetic resonance in the ϕ0
junction. For this purpose we calculate the I–dependence
of the maximal my-component at each step of bias cur-
rent. To see effect clearly, we make simulations at very
small values of the parameters G and r.
In Fig. 1(a), we present the calculated one-loop IV-
curve (obtained by increasing and decreasing I) which
displays an expected hysteresis for βc = 25. The IV-
characteristic at the chosen parameters of the system
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FIG. 1. (a) IV–characteristic of the ϕ0–junction; (b) Mani-
festation of the ferromagnetic resonance in the voltage depen-
dence of mmaxy ; (c) Magnetization trajectory in the mx −my
plane at current I = 0.505 corresponded to the maximum of
the resonance curve in (b); (d) The same in the mx − mz
plane.
does not react practically on the changes in the mag-
netization dynamics. Later, we will discuss this ques-
tion and show the resonance manifestation in the IV-
curve at larger r and G. Here we will concentrate on
the features near the ferromagnetic resonance which cor-
responds to the return branch around ωF = V = 0.5.
Figure 1(b) presents the voltage dependence of the max-
imal amplitude of magnetic moment oscillations mmaxy
taken in the time domain at each value of bias current
calculated at small values of the Josephson to magnetic
energy relation G = 0.05 and the parameter of spin-orbit
coupling r = 0.05. We see the resonance peak around
V = ωJ = ωF = 0.5 and its two harmonics at V = ωJ/2
and V = ωJ/3. The trajectory of magnetization in the
my−mx plane at bias current I = 0.505 corresponded to
the resonance peak is shown in Fig. 1(c). The dynamics
of magnetization is very simple here and corresponds to
the rotation of the magnetic moment around the z axis.
A small deviation to the y axis change periodically during
one rotation circle, so in the mz−mx plane the magnetic
moment describes the form shown in Fig.1(d).
IV. EFFECT OF SPIN-ORBIT COUPLING.
The main ingredient of the considered model is the
spin-orbit interaction in the ferromagnetic layer, so it
plays a crucial role in the effects discovered in this paper.
Figure 2 presents a transformation of voltage dependence
ofmmaxy by changing the parameter of spin-orbit coupling
r. To clarify the effect, we have taken a larger value of
Josephson to magnetic energy of relation G in compari-
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FIG. 2. Transformation of the ferromagnetic resonance region
by changing the spin-orbit coupling (r). Other parameters are
the same and indicated in figure (a).
son with the results presented in Fig. 1. With increasing
in r, the peaks are shifted and widened, reflecting the
damped resonance, and their intensity increases. We ob-
serve a complex resonance region with different type of
magnetization trajectories along the IV-curve. Particu-
larly, in the insets of Fig. 2(b) we demonstrate the trans-
formation of trajectories (in the xy plane) with decrease
in bias current at I = 0.46 and I = 0.40. In Fig. 2(d) we
can clearly distinguish the regular regions (R1, R2, R3
and R4) indicated by arrows. One of the main questions
studied in this paper concerns the reaction of the mag-
netic system to superconducting current reflected in the
appearance of such regular regions. So in what follows,
we shall concentrate on the current intervals with regular
dynamics.
To clarify the dynamics in the selected regular regions,
we have investigated the time dependence of the magne-
4tization component my presented in Fig. 3 together with
the corresponding parts of IV-characteristic. Two differ-
ent parts are clearly pronounced in these both regions
where the amplitude of my grows with decreasing bias
current and has a jump between them. These parts are
denoted as R1 and R2 in the first region and R3 and
R4 in the second one. Demonstrated in the insets the en-
larged time dependence ofmy taken at arbitrary currents
shows a different character of oscillations. This fact ex-
plains the observed jumps between R1 and R2 in the first
region and R3 and R4 in the second one. As we demon-
strate below, the origin of different time dependence in
these regions is related to the change of the character of
magnetic precessions.
FIG. 3. (a) Time dependence of my in the regular region
shown by arrow in Fig. 2(d). Insets demonstrate the charac-
ter of the my(t) oscillations in the R1 and R2 current inter-
vals; (b) The same for the second region. The lines show the
corresponding parts of IV-characteristics.
V. SPECIFIC PHASE TRAJECTORIES.
Here we demonstrate that current intervals Ri indi-
cated in Fig. 2 and Fig. 3 are characterized by different
trajectories of the magnetic moment. The characteristic
trajectories in the planesmy –mx,mz –mx, andmz –my
realized in these regions are shown in Fig.4 for four values
of bias current I = 0.60, 0.54, 0.46 and 0.42. We see dif-
FIG. 4. Magnetization trajectories in the planes my – mx,
mz – mx, and mz – my for regular regions Ri
ferent specific forms of trajectories and some of them for
distinctness we call “apple” (b), “sickle” (d) “mushroom”
(e), “fish” (g) and “moon” (h)). The first current inter-
val R1 is characterized by “apple” type dynamics demon-
strated in Fig.4(b) at I = 0.60. With decreasing bias cur-
rent we observe a transformation of trajectories of “ap-
ple” to “mushroom” type in themz−mx plane, while the
third interval R3 is characterized by “fish” and “moon”
type trajectories. In the fourth interval R4 we observe
the characteristic trajectory of “double fish” type. Thus,
the presented results demonstrate a unique possibility of
controlling the magnetization dynamics via external bias
current.
To test whether the observed temporal dependencies of
magnetization are related to the Josephson oscillations,
we have made a detailed FFT analysis at different values
of bias current. In particular, in Fig. 5 we present the re-
sults of FFT analysis of the time dependence of the mag-
netization components and voltage for JJ with and with-
out the magnetic system at I = 0.54. Comparing the re-
sults presented in this figure, we find that the dynamics of
5f
Am
p
0.1 0.20
0.2
f=
0.
04
25
my(t), I=0.54
f J+
f
(a)
f J=
0.
08
5
f J=
0.
08
5
f
Am
p
0.1 0.20
0.2
0.4
0.6
0.8
f=
0.
04
25
mz(t), I=0.54
f J=
0.
08
5
(b)
f
Am
p
0.1 0.20
0.05
0.1
f=
0.
04
25
V(t)
I=0.54
f J=
0.
08
5(c)
f
Am
p
0.1 0.20
0.05
0.1
V(t)
I=0.54
SIS JJ
f J=
0.
08
5
(d)
FIG. 5. FFT analysis of time dependencies of: (a) my(t); (b)
mz(t); (c) V (t); (d)V (t) for JJ without the magnetic system
at I = 0.54.
magnetization in this case is really determined by Joseph-
son frequency fJ = ωJ/(2pi) = 0.085. The existence of
half harmonics in this parameter regime indicates that
the excitation of magnetic dynamics happens parametri-
cally. We also note the effect of the magnetic oscillations
on Josephson current which is manifested as a small peak
in FFT of V (t). This peak is absent for the Josephson
junction superconductor-insulator-superconductor with-
out the ferromagnetic layer (SIS JJ) as it is demonstrated
in Figure 5(d). The Results of detailed FFT analysis of
dynamics magnetization in the ϕ0 junction at different
values of bias current will be presented somewhere else20.
VI. EFFECTS OF EXTERNAL RADIATION
Another important feature of the studied magnetiza-
tion dynamics concerns the possibility of its control via
external electromagnetic radiation. The presence of such
a radiation amounts to I → I(t) = I + A sin(ωt) in Eq.
(2), where ω is the frequency and A is the amplitude
of the external radiation19. We find that such an exter-
nal radiation can control the qualitative nature of the
magnetic precession in current interval corresponding to
a Shapiro step. To demonstrate this feature, we show
the IV-characteristic of ϕ0 junction under external radi-
ation with frequency ω = 0.366 and amplitude A = 1
(which demonstrates the corresponding Shapiro step at
V = 0.366) in Fig. 6(a). The resulting magnetization
precession in the mz −mx plane at I = 0.475, I = 0.45
and I = 0.385 are presented in Fig. 6(b), Fig. 6(c) and
Fig. 6(d), respectively. In sharp contrast to magnetiza-
tion dynamics without radiation (see Fig. 4) demonstrat-
ing different specific precession dynamics with changing
in bias current, the dynamics of magnetic precessions
along the Shapiro step are very similar for all three cur-
rent values.
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FIG. 6. (a) IV-characteristics of JJ without (1) and with
(2) radiation. Arrows indicate the bias current values where
dynamics of magnetic precessions was investigated; (b) Dy-
namics of magnetic precession in the mz – mx plane in the
presence of external radiation at I = 0.475; (c) The same at
I = 0.45; (d) The same at I = 0.385.
Another central result of our work is to demonstrate
that the radiation may change the topology of magnetic
precession. In particular, we show the left-right transfor-
mation of “mushroom”-type precession. As shown in Fig.
7(a,b), such a change may be accomplished by changing
an amplitude of radiation at a fixed DC drive current
value I = 0.45. This transformation is related to a mag-
netization reversal from −my to +my as can be seen from
change in temporal dependence of my(t) in the presence
of the external radiation as demonstrated in Fig. 7(c,d).
VII. DC CONTRIBUTION TO THE
JOSEPHSON CURRENT.
As it was stressed in Ref.8,20, the Gilbert damping
plays an important role in the dynamics of S/F/S JJ.
It results in a DC contribution to the Josephson current
I0(α) =
αGr2ωJ
4
(
1
Ω−
+
1
Ω+
)
, (3)
with Ω± = (ωJ±1)
2+α2ω2J . As we see, this contribution
depends on the spin-orbit interaction r and relation of
Josephson energy to magnetic energy G, and it is absent
at α = 0.
The result of superconducting current simulation along
IV-characteristics with sweeping bias current down is
shown in Fig. 8(a). It presents the voltage dependence of
Is(V ) together with the analytical curve for I0, according
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FIG. 7. Left-right transformation by changing the amplitude
of external radiation. (a) Dynamics of magnetic precession in
mz –mx plane without external radiation at I = 0.45; (b) The
same under radiation with frequency ω = 0.44 and amplitude
A = 0.05; (c) Time dependence of my without radiation at
I = 0.45; (d) The same under radiation.
to (3). We see that in the resonance region the voltage
dependence of I0 is in good agreement with the result
for superconducting current Is(V ). The Gilbert damping
leads to the damped ferromagnetic resonance at ωJ = ωF
with corresponding analytical dependence8,20 for my
my(t) =
ω+ − ω−
r
sinωJ t−
α+ + α−
r
cosωJ t, (4)
where ω± =
Gr2
2
ωJ±1
Ω±
and α± =
Gr2
2
αωJ
Ω±
with Ω± =
(ωJ ± 1)
2 + α2ω2J . In Fig.8(b), we plot this analytical
dependence together with the maximal amplitude mmaxy
calculated by the system of equations (2) as a function
of voltage. We see good agrement of both results. We
stress that numerical calculations do not use any approx-
imations in comparison with analytical ones (where a
weak coupling regime was used and considered the case
mx,my << 1 ), so the simulated dependence reflects
additionally harmonic of the ferromagnetic resonance at
ωJ = ωF /2.
Based on the presented results, we may conclude that
a variation of the Josephson junction and ferromagnetic
layer parameters in the system with damping may lead to
enough strong coupling between superconducting current
and magnetization. Manifestation of such interaction in
IV-characteristic of the ϕ0 junction near the ferromag-
netic resonance is presented in Fig.8(c) where we show
the parts of IV-characteristics of the ϕ0 junction at three
values of the spin-orbit interaction at ωF = 1. The DC
contribution to the Josephson current manifests itself as
a deviation of IV-curve from the linear dependence in
the resonance region. The corresponding voltage depen-
dencies of mmaxy are shown in Fig.8(d). The effect of
the spin-orbit interaction on the resonance character of
the presented dependence might form a theoretical foun-
dation for developing the experimental methods for de-
termination of spin-orbit coupling intensity in the non-
centrosymmetric materials.
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FIG. 8. Demonstration of the ferromagnetic resonance with
sweeping bias current along IV-characteristics. (a) The volt-
age dependence of Is and analytical I0(ωJ); (b) The voltage
dependence of mmaxy and analytical my(ωJ ); (c) The parts
of IV–characteristics of the ϕ0 junction for G = 0.1,r = 0.5,
α = 0.1, ωF = 1 at different values of the spin-orbit interac-
tion; (d) The voltage dependence of mmaxy at different r.
VIII. CONCLUSIONS.
To summarize, we point out an intriguing opportunity
to observe a different type of magnetization trajectories
by sweeping current along the IV-characteristics of the
ϕ0 junction due to a direct coupling between the mag-
netic moment and the Josephson current. The prediction
in Ref.8 (which is verified in our numerical simulations)
that the DC superconducting current in the presence of
a constant voltage V applied to the junction implies a
dissipative regime can be easily detected experimentally.
Good agreement between numerical and analytical re-
sults found at the ferromagnetic resonance opening wide
opportunities for further manipulation of system param-
eters and experimental verification of the magnetization
dynamics of the materials with strong spin-orbit cou-
pling. This can be easily achieved by applying external
radiation to the setup used in Ref.16.
The appropriate candidate for the experimental ver-
ification of the obtained results might be a permalloy
doped with Pt21. In this material the parameter that
characterizes the relative strength of the spin-orbit inter-
action is υso/υF ∼ 1. The Pt at small doping ( up to
10%) did not influence significantly magnetic properties
7of permalloy21 and then we may expect υso/υF to reach
0.1 in this case also. If the length of the F layer is of
the order of the magnetic decaying length ~/υF = h, i.e.,
l ∼ 1, we have r ∼ 0.117. Another suitable candidate
may be a Pt/Co bilayer, ferromagnet without inversion
symmetry like MnSi or FeGe. In this material the spin-
orbit interaction can generate a ϕ0 Josephson junction
7
with a finite ground phase difference. The measurement
of this phase difference may serve as an independent way
for the parameter r evaluation11. The parameter G has
been evaluated in Ref.8 for weak magnetic anisotropy of
permalloy K ∼ 4 × 10−5KA˚−1 (see Ref.22) and S/F/S
junction with l ∼ 1 and Tc ∼ 10K as G ∼ 100. For
stronger anisotropy we may expect G ∼ 1. The typical
ferromagnetic resonance frequency is ωF = 10 GHz which
is accessible in the experiments. So, we may conclude,
that our results can be tested experimentally.
A very rich physics is expected if the ϕ0 Josephson
junction is exposed to microwave radiation. Addition-
ally to the features predicted in Ref.8, particularly, an
increase of the Shapiro steps amplitude due to spin-orbit
coupling near the ferromagnetic resonance, the appear-
ance of the half-integer Shapiro steps, and precession of
the magnetization vector with radiation frequency, we
expect that an external electromagnetic field can control
qualitative features of the magnetic moment dynamics
in a current interval which corresponds to the Shapiro
step. Moreover, as we demonstrated in this paper, such
radiation can also produce a topological transformation
of precession trajectories23. We predict that the change
in topology of the magnetization dynamics would be ob-
served in such systems as a function of the amplitude
of the applied electromagnetic radiation. We consider
that the presented results might be used for developing
novel experimental resonance methods for determination
of the spin-orbit interaction in the non-centrosymmetric
materials.
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